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MATH 105 101 Midterm 2 Sample 1 Solutions
1. (20 marks)

(a) (5 marks) Find the derivative of the function:

In(z)
F(x) = / V4 + 2t + sin(t) dt,
1

at the point x = 1. Simplify the answer.

Solution: Using the Fundamental Theorem of Calculus part 1 and applying
chain rule, we get:

sz—: = <\/4+21n( )+sm(lnx)) i
Thus, at x =1,
r 1
C;—x lz—1= <\/4+21n1+81n(ln1)> 1= —4=2,

(b) (5 marks) Use Simpson’s Rule to approximate

/07r sin(x) dx

with n = 4 subintervals. Simplify the answer.

Solution: We havea = 0,b =, n =4, and f(z) = sin(z). So, Az = =% =
There are 5 grid-points using the formula =, = a + kAx:

INE

P S .
To =V, 1'1—4, 93'2—2, 3:3_4) Ty =T.
Using Simpson’s Rule, we get:
Az
Sy = ?(f(ifo) +4f(x) +2f(v2) +4f(23) + f(24))

3
12(51n0—|—4sm <4> + 2sin <2> + 4sin ( Z) +sin )

=5 <0+4(\f) +2(1)+4<§> +o>
2(2+4f) <1+2\/§).

"1 6
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(c) (b marks) Find the definite integral

/QECZ(%

[—2, 1], so this is an improper integral. We have:
a 1

5 5
—3d:L‘ = lim — dr + lim — du,
—92 X a—0~ —92 x b—0+ b X

if both limits exist. First, we have that:

/—d:v—/5a:_3d$: —gx_2+C.

So,

a

lim —dzr = lim —gx

2 |a
a—0- ) o a3 a—0-

-2

Since one of the limits does not exist, the improper integral diverges.

Solution: Note that m% is discontinuous at z = 0 which is in the interval

(d) (5 marks) Find the indefinite integral

/ 2?In(x) dz.

du—xandv— . So,

3 3
3 3
:%ln(x)—E—O—C

Solution: Using mtegratlon by parts with v = In(z), dv = 2*dz, we get

2. (10 marks)
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(a) (8 marks) Compute the Left Riemann sum for f(z) = z + 2 on the interval [—2, 4]
using n equal subintervals. Use the summation identities to simplify the answer.

Solution: We have a = —2, b = 4, and Ax = b_T“ = %. For Left Riemann
sum, we have:

6(k—1
xz;:xk—lza—i-(k—l)Ag::_Q_F%’
6(k — 1 6(k—1) 6k 6
fap) —ap 42— 248D OkZD 6k _G
n n n o n
Then, The Left Riemann sum is:
~ " (6k 6\ 6
k=1 k=1
N 36k 36, =36k 36
PN IR B DB
k=1 k=1 k=1

Using the summation identities, we get:

Zf(a:};)Ax: %Zk—%Zl
k=1 k=1 k=1

_ 36n(n+1) 36n  18n* —18n
N 2n? n2 n?2 ’

(b) (2 marks) Use the answer in part (a) to evaluate f_42(a: +2)dx. An answer without
making use of part (a) will be given zero marks.

Solution: From the definition of definite integrals, we get:

4 1 2_1
/ (x 4+ 2)dxr = lim u

- n—00 n?
To evaluate this, we divide the numerator and the denominator by n? and get:

_18n%2 —18n 18- 18
lim —— = lim o
n—oo n n—o0 1

= 18.

Thus, [*,(z +2)dz = 18.
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3. (10 marks) Solve the initial value problem:

dy  e'(3t+11)

==~/ 2) = 0.
dt 2—t—6" y(2) =0

You may leave the answer in its implicit form.

Solution: We have:

dy e'(3t+11) dy  3t+11

= & - dt.
dt t2—t—6 ey t2—t—6

Next, we want to integrate each side with respect to the respective variables. The

left hand side yields:
d
/_y = /eydy: —e Y+ C.
ey

For the integral on the right hand side [ 22H-dt. We will use the method of

partial fractions, since t* — ¢ — 6 = (¢t — 3)(t + 2). Set:

3t+11 A N B
2—t—6 t—3 t+2
A(t+2) + B(t —3)

(t+2)(t—3)
_ (A+B)t+ (24 -3B)
N 2—t—6

= 3t+11 = (A+ B)t + (24 — 3B).

So, A+ B =3 and 2A — 3B = 11. Since A = 3 — B, we get 11 = 2A — 3B =
2(3— B) — 3B = 6 — 5B, which gives B = —1 and thus, A = 4. So,

/%dt: %dt—/t%dt:unu—:ﬂ—1n\t+2\+c.
Thus, —e ¥ = 4In|t — 3| — In|t + 2| + C. To solve for C, we use y(2) = 0, which
means:

—"=4m2-3|-In|2+2/+C = C=—-1+1n(4).
Hence,

—e ¥ =4Injt—3|—Injt +2| -1+ In(4).
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4. (10 marks) Evaluate the definite integral:

/\/25x2—4d
—dx.
T

Solution: We have that:

/\/25x2—4d 5/ \/x2—4/25d
——dr = ~——dx.
x x

We use trigonometric substitution with 2 = £ sec(6). Then,

2
dx = = sec(6) tan(0) db,

Va2 —4/25 = \/4/25sec2(0) — 4/25 = 1/4/25tan?(0) = gtan(H).

So,
V2bx? —4 2/5 tan(0)
_ 2/tan2(8) 9 = 2/(sec2(0) —1)de
:2/se62(9)d9—2/d9
= 2tan(f) — 20 + C.
Since © = Zsec(f), we get % = sec(d) so cos(f) = . Hence, § = arccos ().
Also, as computed above, /x? —4/25 = %tan(G), so we get:
V2512 — 4 2
/5x—dx = 2tan(f) — 20 + C = 5v/2? — 4/25 — 2 arccos (5—) +C.
x x
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